The characteristics of microcantilevers vibrating laterally in viscous liquid media are investigated and compared to those of similar microcantilevers vibrating in the out-of-plane direction. The hydrodynamic loading on the vibrating beam is first determined using a numerical model. A semi-analytical expression for the hydrodynamic forces in terms of the Reynolds number and the aspect ratio (beam thickness over beam width) is obtained by introducing a correction factor to Stokes' solution for a vibrating plate of infinite area to account for the effects of the thickness. The results enable the effects of fluid damping and effective fluid mass on the resonant frequency and the quality factor (Q) to be investigated as a function of both the beam's geometry and liquid medium's properties and compared to experimentally determined values given in the literature. The resonant frequency and Q are found to be higher for laterally vibrating microcantilevers compared to those of similar geometry experiencing transverse (out-of-plane) vibration. Compared to transversely vibrating beams, the resonant frequency of laterally vibrating beams is shown to decrease at a slower rate (with respect to changes in viscosity) in media having higher viscosities than water. The theoretical results are compared to experimental data obtained for cantilevers completely immersed in solutions of varying aqueous percent glycerol. The increases in resonant frequency and Q are expected to yield much lower limits of detection in liquid-phase chemical sensing applications.
I. INTRODUCTION
Microcantilevers have been utilized as highly sensitive chemical sensor platforms in air. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] Masses in the range of picograms and femtograms have been detected using these devices, with projected detection limits on the order of attograms. [11] [12] [13] While dynamically driven microcantilever chemical sensors are well suited for gas-phase detection, 1-3,5-11,14-21 their usefulness as a sensing platform is limited when operating in viscous liquid media. 7, [22] [23] [24] [25] [26] [27] [28] [29] Due to the additional fluid resistance (combined effects of fluidrelated inertial and viscous forces), the beam's resonant frequency, f res , and quality factor, Q, will drastically decrease when the operating medium is changed from air to liquid; 22, 28, [30] [31] [32] these decreases are due to the increases in the fluid damping and the effective fluid mass.
Several methods have been investigated to overcome this additional fluid resistance. Microcantilevers can be made stiffer by shortening their length. 33, 34 The resonant frequency of a microcantilever operating in a fluid is roughly proportional to the inverse of its length squared. Thus, decreasing the length by 10% would increase the resonant frequency by $ 23%. Shorter microcantilevers also have less surface area when interacting with the surrounding medium, thus decreasing the amount of fluid damping and increasing the quality factor. However, the smaller surface area also decreases the amount of analyte that can be sorbed into a deposited layer when used in sensing applications. The deposition reproducibility of this sensing layer will also be less accurate for shorter beams. 33 Microcantilevers can also operate in higher-order flexural modes. [35] [36] [37] Higher-order modes have flexural mode shapes that have one or more points along the length of the microcantilever (besides the clamped end) that do not deflect as a function of time. 36 Both theoretical 36 and experimental investigations 35, 37 show that, when working in air or liquids, the quality factor of a microcantilever operating in a higherorder mode is higher than that of the same microcantilever operating in the fundamental mode. However, there are also some drawbacks to operating in higher-order flexural modes, such as an increase in support loss.
When working in a vacuum, experiments have shown that the quality factor of the microcantilever decreases with an increasing mode number. 38 The support losses for a particular microcantilever operating in the second mode have been shown to be 10 times larger than operating in the first mode. 33, 39 This tends to be less of a concern when operating in air or liquid, since the viscous losses generally dominate the support losses. 34 Moreover, it is also relatively more a)
Author to whom correspondence should be addressed. Electronic mail: fabien.josse@marquette.edu. 0021-8979/2012/111(1)/014907/14/$30.00 V C 2012 American Institute of Physics 111, 014907-1 difficult to excite these higher-order modes to achieve a sufficiently strong signal. 38 Another promising method for overcoming the additional fluid resistance is by exciting the microcantilever in an unconventional vibration mode. Dynamically driven microcantilevers are commonly excited flexurally in the transverse or out-of-plane direction, as indicated in Fig. 1 . 1, 3, 7, 26, 32, [40] [41] [42] [43] [44] [45] [46] Another vibration mode that has been previously investigated in the literature is the in-plane (lateral) flexural mode. 22, 35, 38, [47] [48] [49] [50] [51] This reduces the amount of fluid resistance by decreasing the amount of fluid drag on the leading edge of the beam. The reduction in the fluid resistance results in an increase in the resonant frequency and the quality factor of the microcantilever compared to similar beams vibrating transversely. 22, 30, 38 In many cases, the increase in these characteristics can be investigated using standard beam theory, if the hydrodynamic forces acting on the beam are properly modeled.
There have been several attempts to model the hydrodynamic forces acting on a beam vibrating in the in-plane direction. 22, 38, 49, 50, 52, 53 While a well-known expression for the hydrodynamic forces acting on a beam undergoing transverse vibration has been given in the literature, 23 this expression cannot be used to find the hydrodynamic forces acting on a microcantilever vibrating in the in-plane direction as it neglects the effects of fluid on the larger faces (of dimension b) of the laterally vibrating beam. A more accurate approximation of the total hydrodynamic force acting on a laterally vibrating microcantilever in liquid should include both the effects of the pressure and shear stress exerted by the fluid on all faces of the beam. Due to the symmetry of the problem, the hydrodynamic forces acting in the vertical direction on a beam with a rectangular cross-section vibrating laterally will cancel each other out. Only the hydrodynamic forces acting in the horizontal direction will then affect the characteristics of the beam. These forces are the fluid shear force acting on the large faces and the pressure force acting on the small faces (of dimension h, see Fig. 2 ). It can be assumed that the microcantilever is long enough so that the hydrodynamic force acting on the surface at the free end of the beam is negligible.
When the beam's thickness is small compared to its width, the beam can also be approximated as a ribbon. 54, 55 (This has previously been shown valid for beams vibrating transversally. 23, 31 ) In 1851, Stokes investigated the forces acting on an infinitely wide flat plate brought from rest to sinusoidal, in-plane vibration. 56 This is commonly called Stokes' second problem. 57 The solution for a laterally vibrating beam of infinitely thin cross-section can be reduced to the steady-state solution of Stokes' second problem if the beam under investigation is also quite wide relative to the boundary layer thickness of the fluid. 31 Recently, this Stokes-type fluid resistance has been used to obtain analytical results for the quality factor associated with the viscous FIG. 1. Geometry of a microcantilever of length L, width b, and thickness h vibrating in the out-of-plane direction (left) with a deflection of w(x,t) and vibrating in the in-plane direction (right) with a deflection of v(x,t).
FIG. 2. (Color online)
The hydrodynamic force acting on a laterally vibrating beam can be conceptually broken up into the forces acting parallel to the surface (the fluidic shear force) and forces acting perpendicular to the surface (the pressure force). fluid losses for laterally vibrating beams in liquid. 49, 50 The quality factors predicted using this model were found to well agree with the experimentally determined quality factors of laterally excited beams when b ) h. However, this method neglected edge effects, which could be significant for beams whose width b is small. Furthermore, it also neglects the fluid resistance due to pressure on the thin faces of the beam (those of corresponding dimension h), which may be important for many practical beam geometries.
The hydrodynamic function of a transversely vibrating beam of ribbon-like cross-section was previously found in Ref. 52 by use of the method of moments to solve for the velocity of the fluid around the ribbon. Recently, an investigation expanded upon this work to obtain numerical results for both the transverse and lateral hydrodynamic function that accounted for both the beam's aspect ratio (h/b) and the Reynolds number (Re) of the fluid flow. 47 While the numerical results in the present paper match closely with those given in Ref. 47 , the previous work only provides values of the hydrodynamic function at specific discrete combinations of aspect ratio and Reynolds number. In the present paper, an analytical expression will be given for this function that can be used over wide, continuous ranges of h/b and Re. A comparison between the results of Ref. 47 and those of the present investigation will be provided. Other investigators have attempted to use finite element analysis (FEA) in order to account for the effects of thickness. 31, 58 Like the numerical method used in Ref. 47 , FEA allows for the pressure and shear force to be calculated on the beam's cross-section, as well as in the medium surrounding the beam. It is noted, however, that Refs. 31 and 58 only investigate transversely vibrating beams.
In this article, an FEA model will be developed and utilized to calculate the hydrodynamic forces acting on a laterally vibrating beam. This method will account for both the edge effects and thickness effects, which are not accounted for when assuming Stokes-type fluid resistance. A set of correction factors will then be obtained so that the Stokes hydrodynamic function may be mapped into one that accounts for these additional effects. Using the resulting hydrodynamic function, relevant beam characteristics, such as the resonant frequency and quality factor, will be obtained and investigated as functions of beam geometry and medium properties, including density and dynamic viscosity. The advantages of operating in the in-plane flexural mode compared to the out-of-plane flexural mode will also be investigated. The results will be utilized to identify microcantilever geometries that will yield more desirable characteristics for use in sensing applications than those provided by conventional (out-of-plane) microcantilever devices.
II. GENERAL THEORY
In a vacuum, using standard Euler-Bernoulli beam theory, the equation of motion for a laterally vibrating microcantilever is
where
In Eq. (1), E and q B are the Young's modulus and mass density of the beam material, respectively, v(x,t) is the in-plane (or lateral) deflection of the beam, and F y (x) is the positiondependent amplitude of the forcing function per unit length operating at an angular frequency of x. Note that the equation for the moment of inertia, I lat , has the width cubed instead of the thickness (as is the case in transverse vibration). The same Young's modulus is assumed for both lateral and transverse vibration, i.e., that corresponding to axial stress/strain along the longitudinal direction of the cantilever. Thus, the flexural rigidity (EI) of a beam undergoing lateral vibration is a factor of (b/h) 2 larger than that of the same beam undergoing transverse vibration. This indicates that laterally vibrating beams (compared to transversely vibrating beams) will be stiffer and have higher resonant frequencies.
In a vacuum, this represents the only difference between lateral and transverse vibration when solving the equation of motion.
Euler-Bernoulli beam theory, as employed herein, places several assumptions on the beam geometry and deflection:
• The beam's cross-sectional area, density, and Young's modulus are uniform over the length of the beam • The length of the beam greatly exceeds its width • The amplitude of the vibration of the beam is sufficiently small, so that the slope of the deflected beam is much smaller than unity; this permits the beam curvature to be approximated by @ 2 vðx; tÞ=@x 2
These assumptions generally hold true for standard commercially available microcantilevers. 23, 38 However, some of the geometries investigated in this work do not have lengths that greatly exceed their widths. The effects of violating this assumption will be discussed.
When a microcantilever is excited in a viscous liquid medium, an additional force from the medium affects the microcantilever and the equation of motion is modified to EI lat @ 4 vðx; tÞ @x 4 þ q B bh @ 2 vðx; tÞ @t 2 ¼ F y ðxÞe jxt þ F md;lat ðx; tÞ:
This additional hydrodynamic force, F md,lat , is a force per unit length that is partially out-of-phase with the displacement and can be represented as F md;lat ðx; tÞ ¼ Àg 1;lat @vðx; tÞ @t À g 2;lat @ 2 vðx; tÞ @t 2 ;
where g 1,lat and g 2,lat are time-independent coefficients associated with the fluidic damping force per unit length and the fluidic inertial force (effective fluidic mass) per unit length, respectively. 21, 22, 31 It is common to normalize F md,lat into a dimensionless form called the hydrodynamic function, C lat , where
where the Reynolds number of the system, Re, is defined in terms of q L and g, which are the mass density and dynamic viscosity of the fluid, respectively. The hydrodynamic function, C lat , is the total hydrodynamic force per unit length normalized to the amount of force per unit length it would take to excite fluid occupying a circular cylindrical volume with a diameter equal to the microcantilever's width to the same velocity as the microcantilever. 25, 53 The subscripts R and I in Eqs. (3) and (4) represent the real and imaginary parts of the hydrodynamic function, respectively, where h/b is the aspect ratio of the beam cross-section. The Reynolds number is a measure of the relative size of the fluid's inertial and viscous forces. An analytical expression for the Reynolds number can be defined from the ratio of the inertial term to the viscous term in the equation of motion of the fluid. The linearized incompressible form of the Navier-Stokes' equation can be used to model the fluid if the fluid is assumed incompressible and the velocity gradient of the fluid is small. The fluid can be considered incompressible as the wavelength of the microcantilever's vibration in the cases of interest in this work greatly exceeds the width of the microcantilever, which is the dominant length scale in the flow. 23 The velocity of the fluid is related to the velocity of the vibrating microcantilever. Assuming that the microcantilever's amplitude of vibration is far smaller than any length scale in the microcantilever's geometry, the velocity gradient of the beam and fluid can be considered small. Thus, the equation of motion for the fluid can be given as 31, 49, 59 q L @u @t ¼ ÀrP þ gr 2 u;
where P and u are the pressure and velocity at a particular point in the fluid, respectively. The term q L @u @t is the term related to the fluid's inertial forces, while gr 2 u is the term related to the fluid's viscous forces. The Reynolds number, in this form sometimes called the non-dimensional frequency 52 or one fourth of the Valensi number, 60 can then be calculated by simplifying the ratio of these terms as Re ¼ q L xb 2 /(4g). The viscosity is multiplied by a factor of four to keep the definition consistent with the one given in Ref. 52 .
The properties of the medium of operation, along with the excitation frequency x, will determine the skin depth of the liquid layer surrounding the vibrating beam. The skin depth or boundary layer thickness, denoted d, is defined as the distance over which the fluid velocity decays to 1/e of its maximum value. 61 The larger the skin depth, the larger the amount of fluid excited by the vibrating beam. Physically, the boundary layer thickness can be thought of as the amount of fluid trapped in the vortex created by the vibrating microcantilever. 62 The boundary layer thickness can be given as
which can be rewritten in terms of the Reynolds number as
The hydrodynamic function for a transversely vibrating beam was found to be a function of d/b or a function of the inverse of the square-root of the Reynolds number. 31, 61 It is expected that the hydrodynamic function for a laterally vibrating beam will also depend on this ratio and, thus, on the Reynolds number. When d/b and h/b are sufficiently small, the hydrodynamic function for the lateral case can be obtained from the steady state solution of Stokes' second problem. For this special case, the shear force per unit area from the fluid, s, acting on the top of the beam is 56
where V 0 is the amplitude of the velocity at a particular point along the beam. Due to the symmetry of the problem, the total shear force is twice that on the top of the beam. Assuming that the shear force is independent of y, the total shear force (per unit length) over a beam of width b is given by
The above equation states that the real and imaginary part of the hydrodynamic force are equal in magnitude and are proportional to the width b and the velocity amplitude V 0 and are also dependent on the square-root of the product of the viscosity, fluid mass density, and excitation frequency. The hydrodynamic function is then given as
It is noted that this solution does not account for the edge effects when d/b is not sufficiently small; nor does it account for the pressure effects on the faces of dimension h. Using finite element analysis (FEA), a set of correction factors can be derived and applied to Eq. (9) to account for both the edge and pressure effects.
III. NUMERICAL SIMULATION
A model of the laterally vibrating beam's cross-section in fluid was defined using the FEA program ANSYS. A 2D mesh representing the cross-section of the fluid surrounding an oscillating beam was modeled, with an unmeshed rectangle representing the beam's cross-section. Thus, the beam's cross-section is assumed to not undergo deformation. A square outer boundary of the fluid was assumed, with the beam cross-section having a constant width and a variable thickness. Three boundary conditions were placed on the mesh. A lateral sinusoidal velocity was imposed on the cross-section, and a zero displacement and zero pressure boundary condition were placed on the outer boundary. The mesh was defined so that the node density was higher near the beam and lower near the outer boundary. The outer boundary was set far enough away from the vibrating beam (roughly 44 times the largest skin depth) so that its effects could be neglected. The mass density and dynamic viscosity of the liquid were set to that of water (q L ¼ 1000 kg/m 3 and g ¼ 1 cP). The amplitude of the displacement was held constant while the beam's frequency and velocity were varied in order to investigate the effects of operating in different Reynolds numbers. A transient analysis was performed over 2 cycles, which was determined (by evaluating the amplitude variation over the two cycles) to be long enough for the transient effects to become negligible for the frequency range considered. The pressure and shear force (per unit length) acting on the fluid-beam interface in the lateral direction were then computed at 200 different times per cycle over two cycles. The amplitude of the hydrodynamic force was then determined. Using the amplitude, the average phase offset between the hydrodynamic force and the imposed displacement over the last period was determined. The hydrodynamic function over a range of aspect ratios (h/b) and Reynolds numbers could then be calculated from the determined hydrodynamic force.
In order to determine whether the mesh yielded convergent results for the ranges of Reynolds number (from 10 to 10 000) and aspect ratio (from 1/56 to 1) investigated, the hydrodynamic function was computed as the mesh density was varied. The range of Reynolds numbers chosen corresponds to the common range of Reynolds numbers when using laterally vibrating microcantilevers with practical geometries. The aspect ratio initially ranged from 1 to 1/100, with equal steps on a logarithmic scale in order to investigate thin beams more thoroughly. However, the smallest aspect ratio investigated was modified to h/b ¼ 1/56, as h/b ¼ 1/100 proved to require an impractically high mesh density for the chosen range of Reynolds numbers in order to produce a convergent force. The number of elements used was varied from about 1000 to approximately 80 000, and the hydrodynamic force amplitude and phase were observed to converge to particular values. When increasing the number of elements of the convergent mesh chosen by $ 70%, the largest percentage difference in the hydrodynamic function for the aspect ratios and Reynolds numbers investigated was 5.19% for the real part of the hydrodynamic function and 2.87% for the imaginary part of the hydrodynamic function. The largest differences were noted for microcantilevers with aspect ratios of $ 1/56. This is expected, as thinner microcantilevers require a higher number of elements to accurately model the forces along the thickness. Increasing the number of elements used in the chosen mesh would result in a slightly more accurate solution for the hydrodynamic function, but at an extreme cost of time and computational complexity.
The same method was also used to compute the hydrodynamic forces acting on a transversely vibrating beam, and the results were compared to those given in the literature. 23 The real part of the hydrodynamic function calculated using the chosen mesh differs from the values calculated using the method given in Ref. 23 , ranging from 1.6% lower when Re ¼ 10 to 4.3% higher when Re ¼ 10 000. The imaginary part of the hydrodynamic function also differs from the values given in Ref. 23 , ranging from 5.4% lower when Re ¼ 10 to 10.3% lower when Re ¼ 3162. This difference is most likely due to the assumption of zero thickness made in the literature, such as in Ref. 23 . It is noted that the recent work done in Ref. 47 , which includes the effects of a finite aspect ratio, also indicates that the hydrodynamic function of a transversely vibrating beam of finite thickness differs from that of a transversely vibrating ribbon. There could also be some difference due to approximations associated with the numerical modeling. However, the differences in the two hydrodynamic functions are not large enough to cause significant differences in the predicted characteristics of beams vibrating in the fluid. 9)) can be used to estimate the hydrodynamic function. For instance, there is less than a 1% difference between Stokes' theory and the real part of the hydrodynamic function predicted for Re ¼ 10 000 and h/b ¼ 1/56. However, the imaginary part of the hydrodynamic function predicted for that configuration has a 14.3% difference with Stokes' theory, which is the smallest difference over the range of Reynolds numbers and aspect ratios investigated. If the results for h/b ¼ 1/56 are excluded, the minimum differences between Stokes' theory and the predicted real part and imaginary part of the hydrodynamic function are both 19% over the range of Reynolds numbers and aspect ratios investigated. This is due to Stokes' solution neglecting both the edge effects and thickness effects of the beam and also errors in the numerical simulations. It is again recalled that, for the comparison, the smallest aspect ratio investigated was h/b ¼ 1/56, as h/b ¼ 1/100 proved to require an impractically high mesh density for the chosen range of Reynolds numbers in order to produce a convergent force. Figure 4 shows the real and imaginary hydrodynamic function for a beam with h/b ¼ 1/56 over a range of Reynolds numbers. Also plotted is the hydrodynamic function calculated using Stokes' solution and the values for the hydrodynamic function given by Ref. 47 for a laterally vibrating ribbon, accounting for the edge effects. Note that, in Fig. 4 , the discrepancy for low Reynolds numbers is mainly due to the edge effects. Accounting for the edge effects, the remaining discrepancy could be due to neglecting the effects of thickness.
It can be seen from Fig. 3(b) that both the imaginary part of the hydrodynamic function and Stokes' solution converge to zero as the Reynolds number is increased. However, the real part of the hydrodynamic function, as shown in Fig. 3(a) , does not follow this trend. Even in an inviscid medium (or Re approaching infinity), a laterally vibrating beam of finite thickness will still displace fluid mass. An approximation for the hydrodynamic function for the case of an inviscid medium is given 47 as
Note that Eq. (10) has no imaginary part, as there is no viscous damping on a beam operating in an inviscid medium. Figure 5 shows the numerical results for the real and imaginary part of the hydrodynamic function for an aspect ratio of 1/10, varying the Reynolds number from 10 to 10 000. Also plotted in Fig combinations of aspect ratios and Reynolds numbers used in this investigation could be obtained, the two techniques could be more thoroughly compared. More importantly, one could rapidly obtain the hydrodynamic function for any arbitrary aspect ratio and Reynolds number within the ranges investigated. Such an expression will be pursued in what follows.
An analytical form of the hydrodynamic function can be obtained using both Stokes' solution and the numerical results. The ratios of the numerical results and the values of the hydrodynamic function calculated from Stokes' theory are used to obtain a correction factor for both the thickness and the edge effects for the real and imaginary parts of the hydrodynamic function. Fitting the trends in the ratio and assuming that the correction factor goes to one for high Reynolds numbers and thin beams, the hydrodynamic function with edge and thickness effects taken into account is given by
where the correction factors for the real and imaginary parts of the hydrodynamic function are given, respectively, by
The imaginary part of Eq. (11) is within 5.7% of the results from the numerical simulations over the investigated ranges of aspect ratio (1/56 h/b 1) and Reynolds number (10 Re 10 000). For the same range, the real part of Eq. (11) is within 20.5% of the numerical results. It is noted that this large discrepancy for the real part occurs when the Reynolds number is high. When Re < 1000, the discrepancy between the real part of the expression and the numerical results decreases to no more than 5.8%. A more complicated fitting model and, hence, a more complicated correction factor could be used to improve the accuracy of the semianalytical method; however, at a high Reynolds number, the microcantilever's mass is usually much larger than the effective fluid mass, in which case the error in the real part of the hydrodynamic function will have minimal effect on the microcantilever's dynamic response.
Using this analytical expression, the hydrodynamic function can be calculated for aspect ratios and Reynolds numbers between the simulated data points, and the results could be used to rapidly evaluate the characteristics of a laterally vibrating microcantilever in a viscous liquid medium. The real and imaginary parts of the hydrodynamic function can also be compared to results given recently in the literature. 47 The difference between the two techniques, using the results in Ref. 47 as a reference, ranges from -1.82% to 5.88% for the real part of the hydrodynamic function and from -9.85% to 2.86% for the imaginary part of the hydrodynamic function. The largest difference occurs when using an aspect ratio of 1/50 and a Reynolds number of 10. The difference in the hydrodynamic function is larger when the Reynolds number is low. Using only the results for Re ! 100, the range decreases from -1.69% to 3.03% for the real part and from -4.61% to 1.56% for the imaginary parts of the hydrodynamic function. The methods used in this work and in Ref. 47 , while different, still yield similar values for the hydrodynamic function. However, as indicated earlier, the obtained analytical expression can allow a more rapid evaluation of the microcantilever characteristics when operating in the liquid-phase.
IV. RESULTS AND DISCUSSION

A. Frequency spectrum
Assuming a sinusoidal driving force, the steady-state deflection of the beam as a function of the position along its length can be derived from the equation of motion, 32 Eq. (2), as vðx; tÞ ¼
where / i (x) is the ith flexural mode shape of an elastic beam (in vacuum), defined as
and the mode number b i is the ith root of cos
Investigating only the amplitude of the deflection of the beam at the tip, one has
Thus, for a given load function F y (x), the amplitude of the tip deflection as a function of the excitation frequency in water can then be calculated by using the correct values for g 1,lat and g 2,lat using Eqs. (3) and (4) and the hydrodynamic function calculated using Eq. (11) . It is shown in Fig. 6 that, simulating a laterally excited microcantilever with a geometry of 200 Â 45 Â 12 lm 3 with an assumed Young's modulus of silicon along the < 110 > direction (169 GPa) 63 and a concentrated harmonically varying force at the tip, the resonant frequency and 3-dB bandwidth are higher for the first inplane flexural mode compared to the first out-of-plane flexural mode. The resonant frequency of a beam vibrating in the in-plane direction (when b > h) is larger than the resonant frequency of a beam with the same geometry vibrating in the out-of-plane direction, due to its increased stiffness.
B. Resonant frequency
The derivation of the formulae for the resonant frequency and the quality factor for a dynamically driven microcantilever vibrating in the in-plane direction in a viscous liquid medium follows the same procedures as those in Ref. 32 , except for the use of different values of the moment of inertia (I lat ) and the hydrodynamic force (i.e., g 1,lat and g 2,lat ). Utilizing Eq. (14), an analytical expression for the resonant frequency is then given by
where It is noted that the Reynolds number is dependent on the frequency of excitation, x( ¼ 2pf). Thus, Eq. (15) is a transcendental equation in x, whose solution for the system's resonant frequency will be obtained by the following process:
where F 1 n (f guess ) is the function F 1 applied n times to f guess , F 1 (f guess ) is the right-hand side of Eq. (15) , and f guess is a guess value of the resonant frequency. A good initial guess for the resonant frequency could be taken as the resonant frequency of the microcantilever in a vacuum, f 0 , which is given by 23
If Re ) 1, Eqs. (15c) and (15d) can be considered approximately zero. Equation (15) can then be simplified to
Equation (18) shows that, as expected, as the beam becomes stiffer, the resonant frequency will increase, and when the total mass or damping increases, the resonant frequency will decrease. The resonant frequency of laterally vibrating microcantilevers predicted from theory can be compared to the experimentally determined resonant frequencies of laterally vibrating microcantilevers of various geometries given in Ref. 30 . An average beam thickness of 14.48 lm was reported in Ref. 30 . The beam was primarily made of silicon with a nominal Si thickness of 12 lm. However, there is an additional triple-layer passivation sandwich consisting of alternating plasma-enhanced chemical vapor-deposited oxide and nitride films in order to mitigate the effects of pinholes on the circuitry used to excite the microcantilever. 30 The beam density was assumed to be that of silicon, or 2330 kg/m 3 . The Young's modulus of the composite system is a function of the Young's modulus of the individual layers and can be determined from the experimental data. Using the reported resonant frequencies of each beam in air, 30 an effective Young's modulus appropriate to the composite system was determined. The mass density and dynamic viscosity of air at room temperature can be estimated as q air ¼ 1.205 kg/m 3 and g air ¼ 0.01827 cP. 64 Using these values in Eq. (15) , the Young's modulus can be varied until Eq. (15) matches the reported resonant frequency in air of a particular beam. The average effective Young's modulus of the microcantilevers in air calculated using this procedure was 127.5 GPa. Figure 7 shows the comparison of the simulated resonant frequencies to that of the experimentally determined resonant frequencies in air. The lengths of the beams used in Ref. 30 are 200, 400, 600, 800, and 1000 lm and the widths used are 45, 60, 75, and 90 lm. Note the resonant frequency's linear dependence on b/L 2 when b/L 2 < 0.001 lm -1 . For shorter beams (L ¼ 200 lm), the shear deformation, rotational inertia, and support compliance effects, which are not accounted for when applying Euler-Bernoulli beam theory to a perfectly clamped cantilever, 65,66 become significant, and the resonant frequency's linear dependency on b/L 2 no longer holds. The effective Young's modulus calculated for these short beams deviates greatly from the average effective Young's modulus used in the simulations (127.5 GPa), which causes the large difference (up to 31.5%) between the predicted and the experimentally determined resonant frequencies for the L ¼ 200 lm data set. When b/L 2 < 0.001 lm -1 , the maximum difference drops to 9.8%.
When the beam is vibrating laterally in a viscous liquid medium, the same qualitative b/L 2 dependence remains, as was observed in air (see Fig. 8 ). However, the addition of pressure effects causes a dependence on the thickness. It is noted from Eq. (15) that, while the spring constant k lat in water is still linearly dependent on the thickness, the thickness dependence of the effective mass (M lat ) is not straightforward and depends on the ratio of the beam mass to effective displaced fluid mass. As h increases and exceeds b, the resonant frequency reduces to that of a microcantilever undergoing out-of-plane vibration with width h and thickness b. The theory again diverges from the experimental data when the beam is shorter, i.e., for b/L 2 > 0.001 lm -1 . The maximum percentage difference between the simulated resonant frequency and the experimentally determined resonant frequency in water is 28.7%. When b/L 2 < 0.001 lm -1 , this difference drops to 11.8%.
The resonant frequency can also be investigated as a function of the properties of the liquid medium. The resonant frequency of a laterally vibrating beam decreases from its value in air, f 0 , 3 by
As the viscosity or density of the medium is increased, the effective mass, M lat , will increase. The theoretical results were compared to the results from experiments performed in different percent aqueous glycerol mixtures, providing a range of dynamic viscosities and densities for the liquid medium. A microcantilever with a geometry of 200 Â 60 Â 6.7 lm 3 , fabricated using the same method as in Ref. 30 or 1.734 cP). The shift in the resonant frequency from its value in water as a function of percent aqueous glycerol is given in Fig. 9(a) . The predicted shift in the resonant frequency using Eq. (19) is also shown. Using Eq. (17) and the experimentally determined resonant frequency in air, the effective Young's modulus for this beam was determined to be 85.4 GPa. This value is smaller due to the model not incorporating the shear deformation, rotational inertia, and support compliance effects of the short beam. The theoretical results calculated using Eq. (19) show similar trends; however, the theory overestimates the frequency drop. When using longer beams (i.e., 1000 Â 90 Â 10.9 lm 3 ), the predicted decrease in the resonant frequency has shown better agreement with the experimental results (see Fig. 9(b) ). This suggests that the difference could be due to effects that are not accounted for when the assumption of a long beam is made. This assumption neglects the effects of the shear and rotational inertia of the beam, which cause the resonant frequency to be lower. These effects tend to be larger for shorter beams, which have higher quality factors compared to longer beams. It can be seen from Fig. 6 that care should be taken when choosing the beam's geometry so that the lateral flexural mode's resonant frequency does not interfere with the resonant frequency of a higher-order transverse flexural mode, which would cause interaction between the two modes, especially when using the device in an oscillator circuit in various applications. Using Eq. (15), the aspect ratio at which two modes have the same resonant frequency and could thus interfere with each other is
where i and j are the mode numbers of the particular lateral and transverse flexural modes, respectively, that will cause interference, and M trans is calculated using Eq. (15b) and the well-known values for g 1 and g 2 of a transversely vibrating beam instead of g 1,lat and g 2,lat . From Eqs. (15) and (20) , it can be seen that vibrating microcantilevers in the in-plane direction as opposed to the out-of-plane direction increases the resonant frequency of the same mode number by a factor of f res;lat;i f res;
When operating in vacuum or a low density medium, such as air, the effective masses are the same (essentially just the beam mass) and the resonant frequency increases by a factor of b/h. In a viscous and/or high-density liquid medium, the ratio of the effective masses is greater than one and the ratio of the resonant frequencies is, therefore, larger than b/h. For example, for the beams investigated in Ref. 30 , the fundamental resonant frequency of transversely excited beams is predicted to decrease by 32% to 49% when placed in water. However, the resonant frequency of the same beams vibrating laterally is predicted to drop by only 5.8% to 15%. For comparison, the experimental data in Ref. 30 shows a drop of 3.7% to 18.3% for the beams undergoing lateral excitation. The ratio of the resonant frequencies of laterally and transversely vibrating beams is thus higher in water (ranging from 4.5 to 12.12 for the geometries given in Ref. 30 ) compared to the ratios when operating in air (ranging from 3.31 to 6.62, or roughly b/h). This is because the difference in the effective masses (beam mass plus effective fluid mass) increases as the dynamic viscosity and density of the medium increase. As this trend continues for higher viscosities, it is thus even more advantageous to operate in the in-plane flexural mode when operating in high-viscosity media in chemical (or biological) sensor applications.
C. Quality factor
A fundamental problem encountered by microcantilevers operating in the liquid phase is the drastic decrease in the microcantilever's quality factor, denoted Q, compared to the corresponding quality factor in the gas phase. This decrease in the quality factor increases the frequency noise (which is proportional to f res /Q when operating in an oscillator configuration 40, 67, 68 ), thus increasing the limit of detection (LOD) in biochemical sensing applications. The quality factor is defined as 2p times the ratio of the maximum energy stored in a resonating system to the amount of energy dissipated in one cycle. 69 The 2p keeps the definition consistent with a second definition, which is the ratio of the resonant frequency to the 3-dB bandwidth of the system,
It is common when working with microcantilever systems to use the 3-dB bandwidth definition, 23, 32, 68, 70 and it is noted that, when the loss is low, the two definitions are equivalent. If it is assumed that g 1,lat and g 2,lat are frequencyindependent within the 3-dB bandwidth, an expression for the quality factor can be derived from the equation of motion as
When Re ) 1, using Eqs. (3) and (4), Eq. (23) reduces to
which is identical to the expression for the quality factor published in the literature when low loss is assumed. 23, 61 If it is assumed that the beam's mass is much larger than the effective fluid mass, Eq. (24) can be rewritten as
Equation (25) will underestimate the quality factor, since it neglects the energy associated with the effective fluid mass. Even though f res,lat is approximately dependent on q B -1/2 , it can still be seen from Eq. (25) that the quality factor is improved when increasing the density of the beam material. This makes sense because, for a given vibration amplitude, increasing the density of the beam increases the amount of kinetic energy (converted to stored energy during a cycle of vibration), while keeping the amount of fluidic damping constant. Neglecting viscosity's effect on C I , Eq. (25) also shows, contrary to intuition, that the majority of the drop in the system's quality factor when operating in water as opposed to air arises from the increase in the medium's density (1.205 to 998.23 kg/m 3 for 20 C) instead of the increase in the medium's viscosity (0.01827 to 1 cP for 20 C). 64 Using the relationship of the resonant frequency to the beam geometry given in Sec. IV B, the quality factor is found to be a linear function of hb 1/2 /L, implying that shorter, thicker and wider beams should have higher quality factors. This result is consistent with the result derived earlier in Refs. 49 and 50 by a different method.
The quality factor was analyzed using both the numerical results obtained using FEA and the approximate fit of the hydrodynamic function. As noted previously, the largest discrepancy between the numerical results and the approximate fit given by Eq. (11) is when the Reynolds number is large. It is then expected that the geometries investigated with the largest Reynolds numbers would also produce the largest discrepancy in the quality factor. For the range of geometries investigated in this work, the largest Reynolds numbers are found when L ¼ 200 lm. The calculated quality factors were found to be within 5% of those obtained using the results from the finite element model. It is then assumed that Eq. (11) is appropriate to use when calculating characteristics of laterally vibrating microcantilevers in liquid phase.
The predicted quality factors calculated using Eq. (23) were compared to those experimentally determined in water as a function of b 1/2 /L in Fig. 10 . The simulation assumed a laterally vibrating beam in water with a Young's modulus of 127.5 GPa and a beam density of 2330 kg/m 3 . While the predicted quality factors ranged from 22.3% lower to 36.2% higher than the experimentally determined quality factors given by Ref. 30 , the trend was found to still follow the b 1/2 /L dependency. This confirms that shorter and wider beams have higher quality factors. The discontinuities in Fig. 10 are due to changes in the beam's length. Thicker beams are also expected to increase the quality factor by increasing the mass and stored energy of the beam; however, this trend does not hold as h/b approaches 1. Figure 11 shows this effect, both experimentally and theoretically, for a beam of 200 lm length and 60 lm width. A Young's modulus of 127.5 GPa was assumed for all thicknesses. Note the roughly linear increase in both the predicted quality factor and the experimentally determined quality factor. Also note that the slope of this increase and, thus, the benefit of using thicker beams decreases as the thickness increases.
The quality factor will also change as a function of the medium of operation. Figure 12 shows the quality factor of a 200 Â 60 Â 6.7 lm 3 beam as a function of percent aqueous glycerol. The theoretically predicted quality factors calculated using Eq. (23) are also given. While both the experimental results and the theoretically predicted results show similar trends, the experimentally determined quality factors are again larger than the theoretically predicted quality factors. Calculated values for the quality factors using only Stokes fluid resistance (using Eq. (9) for the hydrodynamic function) are also shown in Fig. 12 . However, this expression neglects the pressure effects of the fluid on the smaller faces (of dimension h), i.e., it is based on assuming only a Stokestype fluid resistance on the top and bottom faces of the beam. The theoretically predicted quality factors would be smaller if the shear deformation and support compliance effects were taken into account. Thus, these effects are not the source of the discrepancy. Another assumption made when calculating the hydrodynamic forces was that the beam was infinitely long. This assumption was made to neglect the edge effects near the end of the beam in the lengthwise direction and might not be appropriate for the given geometry. It is noted that the quality factors of longer beams (e.g., 1000 Â 90 Â 10.9 lm 3 ), not shown here, more closely match the characteristics predicted by theory, just as with the resonant frequency.
The experimentally determined quality factors are larger than the commonly obtained values for transversely vibrating beams in water, which are usually on the order of 10. 24 Even with the addition of the thickness and edge effects, the quality factor of a laterally vibrating beam is still higher than that of the same beam vibrating transversely. Using Eq. 25, the ratio of the quality factor of a laterally vibrating beam to that of a transversely vibrating beam of similar geometry is approximately given by Q lat;approx Q trans;approx ¼ q B bh þ g 2;lat q B bh þ g 2;trans C I;trans C I;lat :
Note that the first fraction on the right-hand side of Eq. (26) is smaller than one (when b > h), as transversely vibrating beams yield a larger effective fluid mass compared to laterally vibrating beams. The second fraction is the ratio of the amounts of viscous damping, which is normally much greater than one for the cases considered. The improvement in the quality factor is also a function of the medium of operation. Unlike the comparable trend in the resonant frequency, the improvement is smaller for media with higher viscosities and densities. The predicted improvement in the quality factor for the beams investigated in Ref. 30 ranges from a factor of 3 to 4.5 in air and from a factor of 1.55 to 2.53 in water.
Since the experimentally determined quality factors are found to be higher than the predicted quality factors in practice, the improvements will be larger. However, the best improvements in the predicted quality factor are obtained for the shortest and widest beams investigated. Thus, shorter and wider beams have both larger resonant frequencies (and thus higher sensitivities in chemical sensor applications) and higher quality factors (and thus better limits of detection).
V. CONCLUSIONS
The resonant frequency and quality factor of microcantilevers vibrating in the in-plane direction in a viscous liquid medium are analyzed in terms of the beam's geometry and the properties of the medium of operation and compared to those of microcantilevers vibrating in the out-of-plane direction. The hydrodynamic force acting on the beam is evaluated, accounting for both the shear force and the pressure force. It is noted that, even with relatively thin beams, there is a need to account for the effects of thickness to obtain accurate estimates of the hydrodynamic forces. A set of correction factors are determined for modifying the hydrodynamic function given by Stokes for an infinitely wide beam to include both the edge effects and the effects of the pressure acting on the thickness.
Theoretical results show that the resonant frequency of beams vibrating in the in-plane direction will be at least a factor of b/h higher than that of beams vibrating in the outof-plane direction. The ratio of the resonant frequencies will be higher for beams operating in media with higher densities and dynamic viscosities. The calculated resonant frequencies are shown to match trends in the experimentally determined resonant frequencies published in the literature, provided that the beam is long enough to neglect shear deformation, rotational inertia, and support compliance effects. The quality factor is shown to be a function of beam density, fluid density, fluid viscosity, and hb 1/2 /L. Shorter, thicker, and wider beams vibrating laterally are shown to produce higher quality factors compared to longer beams of a smaller cross section. It is shown from experiments with viscous solutions that laterally vibrating microcantilevers can be excited and have relatively high (20 to 60) quality factors, even when operating in media with higher dynamic viscosities than water. When compared to transversely vibrating beams, the predicted characteristics (i.e., the resonant frequency, quality factor) are shown to be higher. For chemical sensor applications, considering the resonant frequency and mass sensitivity, this increase is larger for media with higher dynamic viscosities.
